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Abstract

We study the sensitivity of investment to cash �ow conditional on measures

of q in an adjustment costs framework with costly external �nance. We

present a benchmark model in which this conditional investment-cash �ow

sensitivity increases monotonically with the cost premium for external �-

nance, for �rms in a �nancially constrained regime. Using simulated data,

we show that this pattern is found in linear regressions that relate invest-

ment rates to measures of both cash �ow and average q. We also derive

a structural equation for investment from the �rst order conditions of our

model, and show that this can be estimated directly.
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1 Introduction

Kaplan and Zingales (1997) emphasize that, in a model with costly external �-

nance, the sensitivity of investment to cash �ow need not increase monotonically

with the cost premium for external funds. Their result refers to the uncondi-

tional correlation between investment and cash �ow, and is obtained in a static

model with no costs of adjusting the capital stock. In contrast, empirical studies

of �nancing constraints and investment, in the tradition of Fazzari, Hubbard and

Petersen (1988), have typically regressed investment rates on measures of both

cash �ow and q, recognizing the likely presence of adjustment costs. We empha-

size the importance of conditioning on measures of q in order to understand the

behaviour of the coe¢ cient on cash �ow in these speci�cations.

We study this conditional sensitivity of investment to the availability of internal

�nance in a benchmark model with quadratic adjustment costs. If external funds

and internal funds are perfect substitutes, marginal q provides a su¢ cient statistic

for investment rates in this setting. Following Kaplan and Zingales (1997), we

initially consider a model in which new equity is the only source of external �nance,

and the cost premium increases with the amount of new equity issued. In this

case, cash �ow may help to explain investment rates, at a given level of marginal

q. For �rms in the �nancially constrained regime, where costly new equity is the

marginal source of �nance, we show that there is a monotonic relationship between

the cost premium for external funds and the sensitivity of investment to cash �ow,
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conditional on marginal q.

Provided both the net revenue function and the cost premium for external

funds satisfy linear homogeneity, we also show that average q equals marginal

q in this speci�cation with costly external �nance. Hence for constrained �rms,

we also have a monotonic relationship between the capital market imperfection

and investment-cash �ow sensitivity, conditional on average q. In this model,

the relationship between investment rates, average q and cash �ow is not linear.

Nevertheless, using simulated data for an illustrative version of the model, we

show that estimates of the sensitivity of investment to cash �ow conditional on

average q obtained in a linear regression framework also vary monotonically with

the cost premium for external funds. We �nd similar results in a model which

introduces costly debt as an additional source of external �nance, although the

equality between marginal q and average q only holds as an approximation in this

case.1

While this provides a benchmark model of investment with imperfect capital

markets in which traditional regressions of investment rates on cash �ow and

average q could be useful, we also emphasize that the coe¢ cient on cash �ow does

not have a structural interpretation. The structural �rst order condition in our

1Our analysis di¤ers from those of Gomes (2001) and Moyen (2004) principally in that we

maintain linear homogeneity. As has been emphasized by Cooper and Ejarque (2003), the

relationship between investment, average q and cash �ow may be quite di¤erent if �rms have

market power or face decreasing returns to scale, even with no capital market imperfections.
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model relates investment rates to both average q and an interaction term between

an adjusted measure of average q and a measure of new equity issued. We show

that this �rst order condition can be estimated directly, and the behaviour of the

coe¢ cient on cash �ow in the traditional regression model can also be understood

in relation to the omission of this interaction term from the structural model.

The remainder of the paper is organized as follows. Section 2 brie�y reviews the

sensitivity of investment to cash �ow within the framework considered by Kaplan

and Zingales (1997), and then considers this relationship conditional on marginal q

in our basic model with quadratic adjustment costs. This section also introduces

debt �nance into our basic speci�cation. Section 3 considers the relationship

between marginal q and average q in this setting. Section 4 presents our results

using simulated investment data, derives a structural econometric model that can

be estimated directly, and discusses some remaining limitations of our analysis.

Section 5 concludes.

2 Investment-Cash Flow Sensitivities

2.1 Kaplan and Zingales (1997): A static model

In the static setting with no adjustment costs considered by Kaplan and Zingales

(1997), the �rst order condition for the optimal capital stock equates the marginal

revenue product of capital to the user cost of capital. If the �rm faces a higher

cost for using external funds than for using internal funds, the required rate of
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return on investment �nanced from external sources will be higher.2 If this cost

premium increases with the level of external funds used, then ceteris paribus the

optimal capital stock will be lower if the �rm is more dependent on external

�nance. A positive cash �ow shock, which increases the availability of low cost

internal funds, may then result in higher investment, even if it has no e¤ect on

the marginal revenue product of capital. For �rms using external funds as their

marginal source of �nance, this reduces the required rate of return and increases

the optimal capital stock. For a given level of capital inherited from the past,

investment in the current period is then sensitive to such �windfall� cash �ow

shocks.

Kaplan and Zingales (1997) focus on whether investment is more sensitive to

�uctuations in cash �ow for �rms that face a higher cost premium for external

�nance. This may not be the case in their model, if the �rm�s marginal revenue

product of capital is su¢ ciently convex. This possibility is illustrated in Figure

1. There are two �rms, identical in every respect except they face di¤erent cost

premia for external funds, which are re�ected in the user cost schedules uH and uL.

The cost of capital for investment �nanced internally is uINT , and the marginal

revenue product of capital is denoted MPK.3 In this case a windfall increase in

the availability of internal funds from C to C 0 increases investment by less for the

2See Hubbard (1998), for example, for a discussion of why this �pecking order�assumption

may be relevant.
3The �gure is drawn for a given inherited level of the capital stock, so there is a one-to-one

association between current investment and the current level of the capital stock.
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�rm which faces the higher cost of external funds schedule uH than for the �rm

with the lower cost premium uL; that is, (I
0
H � IH) < (I

0
L � IL).

Kaplan and Zingales (1997) thus correctly conclude that there is not neces-

sarily a monotonic relationship between the sensitivity of investment to windfall

�uctuations in the availability of internal �nance and the slope of the cost of exter-

nal �nance schedule, in a static demand for capital model of this type. However it

is not clear what this result tells us about the coe¢ cient on cash �ow in an econo-

metric model that also controls for average q. In the rest of this section we consider

this conditional investment-cash �ow sensitivity in a dynamic investment problem

with strictly convex costs of adjustment. This is the basis for the investment-q

relation adopted by much of the empirical research in this area, including that

presented by Fazzari, Hubbard and Petersen (1988) and by Kaplan and Zingales

(1997) themselves.

2.2 A dynamic model with adjustment costs

We study a standard investment problem where the �rm chooses investment to

maximize the value of its equity Vt given by

Vt = Et

" 1X
s=0

�s (Dt+s �Nt+s)
#

(1)

where Dt denotes dividends paid in period t, Nt denotes the value of new equity

issued in period t, � = 1= (1 + r) < 1 is the one-period discount factor, with r

the one-period discount rate assumed constant for simplicity, and Et[:] denotes an
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expected value given information available at time t.

Dividends and new equity are linked to the �rm�s net operating revenue �t

each period by the sources and uses of funds identity

Dt �Nt = �t � �t (2)

where �t = �(Kt; Nt) represents additional costs imposed by issuing new equity

and Kt is the stock of capital in period t. Initially we follow Kaplan and Zingales

(1997) in assuming that new equity is the only source of external �nance; an ex-

tension to a simple speci�cation with debt �nance will be considered in the next

section. Formally we treat �(Kt; Nt) as a transaction fee that must be paid to third

parties when new shares are issued. Less formally we can also think of these costs

re�ecting di¤erential tax treatments, agency costs, or losses imposed on existing

shareholders when the �rm issues new shares in markets characterized by asym-

metric information.4 We assume �(Kt; 0) = 0; �N (Kt; Nt) = @�(Kt; Nt)=@Nt > 0

and �K (Kt; Nt) = @�(Kt; Nt)=@Kt 6 0.

Following the q literature, we assume �t = �(Kt; It) where Kt+1 = (1��)Kt+

It, It is gross investment in period t (which may be positive or negative), and �

is the rate of depreciation. Net revenue may also depend on stochastic price and

productivity terms, which are the source of uncertainty about the future (revenue)

productivity of capital. These factors evolve exogenously, and we economize on

notation by suppressing their in�uence on net revenue here. Notice that invest-

ment in period t does not contribute to productive capital until period t + 1, so
4See, for example, Myers and Majluf (1984).
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that Kt depends only on past investment decisions. With no cost premium for

external �nance (i.e. �t � 0), this implies that investment in period t is not af-

fected by serially uncorrelated price or productivity shocks, although investment

is a¤ected by serially correlated price or productivity shocks that convey informa-

tion about the (revenue) productivity of capital in period t+ 1. The dependence

of net revenue on investment re�ects the presence of adjustment costs, which are

assumed to be deterministic and strictly convex in It.

The �rm maximizes Vt subject to this capital accumulation constraint and to

non-negativity constraints on dividends and new equity issues, with shadow values

�Dt and �
N
t respectively. The problem can be expressed as

V (Kt) = max
It;Nt

8>>>>>><>>>>>>:
�(Kt; It)� �(Kt; Nt)

+�Dt [� (Kt; It)� �(Kt; Nt) +Nt] + �
N
t Nt

+�Et [V ((1� �)Kt + It)]

9>>>>>>=>>>>>>;
: (3)

Letting �Kt = @Vt=@Kt denote the shadow value of inheriting one additional

unit of installed capital at time t, the �rst order condition for optimal investment

can be written as

��I (Kt; It) =
�Et

�
�Kt+1

�
1 + �Dt

=
�Kt

1 + �Dt
(4)

where ��I (Kt; It) = �@�(Kt; It) =@It is strictly increasing in the level of invest-

ment It. If the non-negativity constraint on dividends is not binding (�
D
t = 0),

this simply equates the marginal cost of investing in an additional unit of capital

in period t with the expected shadow value of having an additional unit of capital

in period t + 1, discounted back to its value in period t (see, for example, Abel,
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1980). We refer to �Kt as the shadow value of capital and to �
K
t = �Et

�
�Kt+1

�
as

the shadow value of investment at time t; the di¤erence here re�ects the timing

convention that investment becomes productive with a lag of one period.

Along the optimal path, the evolution of the shadow value of capital is de-

scribed by the intertemporal condition

�Kt = (1 + �
D
t )�K (Kt; It)� (1 + �Dt )�K (Kt; Nt) + (1� �)�Et

�
�Kt+1

�
(5)

where �K (Kt; It) = @�(Kt; It) =@Kt.

The �rst order condition for optimal new share issues implies

�Dt =
�N (Kt; Nt)� �Nt
1� �N (Kt; Nt)

: (6)

In the case where new shares are issued (Nt > 0) and �
N
t = 0; this simpli�es to

give

1

1 + �Dt
= 1� �N (Kt; Nt) : (7)

We now study the relationship between investment and cash �ow in this model,

conditional on the shadow value of investment (�Kt ), or marginal q.
5 To be consis-

tent with the speci�cations adopted in most of the empirical literature, we assume

that marginal adjustment costs are linear in the investment rate (It=Kt), which re-

stricts adjustment costs to be quadratic in the investment rate. We further assume

that �(Kt; Nt) = 0:5� (Nt=Kt)
2Kt, where � is a parameter that speci�es the slope

5Marginal q is usually expressed as the ratio of the shadow value of an additional unit of

investment (�Kt ) to the purchase price of a unit of capital. Here we normalize the price of capital

goods to unity for simplicity.
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of the cost premium for external �nance. In this case �N (Kt; Nt) = � (Nt=Kt), so

that the marginal cost premium increases linearly with the amount of new equity

issued relative to the size of the �rm.

Combining (4) and (7) we then obtain

��I (Kt; It) = �
K
t

�
1� �

�
Nt
Kt

��
: (8)

For a given shadow value of investment (�Kt ), this indicates that a higher marginal

cost premium for external �nance (� (Nt=Kt)) requires a lower marginal adjust-

ment cost (��I (Kt; It)), and hence a lower investment rate. The investment

behaviour of �rms that are issuing new equity displays �excess sensitivity�to cash

�ow in the following sense: all else equal, an increase in the availability of internal

funds lowers the amount of new equity issued, which lowers the marginal cost

premium and increases the optimal investment rate, holding constant the shadow

value of investment or marginal q:

This key relation is depicted in Figure 2, which is adapted from Hayashi (1985)

and drawn for a given level of marginal q. Again we consider two otherwise

identical �rms, with the same adjustment cost function, availability of internal

funds, and shadow value of investment, but subject to di¤erent cost schedules for

external funds. One �rm faces a low cost premium represented by �L, while the

other �rm faces a higher cost premium represented by �H . As before, investment

spending exceeding the available level of internal funds has to be �nanced partly by

using more costly external funds. In this �nancially constrained regime, the �rm
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issues new equity (�Nt = 0), pays zero dividends (Dt = 0), and �
D
t is obtained from

the �rst order condition for new equity issues (7).6 For these �rms, we consider a

�windfall� increase in the availability of internal funds, which here has no e¤ect

on the shadow value �Kt or marginal q. As explained above, this results in higher

investment, by reducing the �rm�s dependence on external �nance and so lowering

the shadow value of internal funds (�Dt ). More importantly, for two otherwise

identical �rms, a given increase in the availability of internal funds (from C to C 0)

has a larger e¤ect on investment for the �rm which faces the higher cost premium

for external �nance, conditional on the shadow value of investment or marginal q.

Here we unambiguously obtain the result that (I
0
H � IH) > (I

0
L � IL).

This illustrates the main result of this section. In a model with non-stochastic

quadratic adjustment costs and an increasing cost premium for new equity �nance,

there is a monotonic relationship between this conditional sensitivity of investment

to �uctuations in cash �ow and the slope of the cost schedule for external funds, for

otherwise identical �rms in the �nancially constrained regime. Given our timing

convention, and the linear homogeneity assumptions that we introduce in Section

3 below, the �windfall� cash �ow shock illustrated in Figure 2 corresponds to

a serially uncorrelated price or productivity shock; this changes the availability

6Note that the curvature of the �Kt (1� � (Nt=Kt)) schedule in the region where Nt > 0

re�ects the assumption that, as new shares are issued to �nance investment spending above the

level that can be funded internally, an increasing proportion of the revenue raised is dissipated

by the transaction fee paid to third parties.
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of low cost internal funds, without a¤ecting expected future marginal revenue

products of capital, or marginal q. More generally, this is the kind of conditional

investment-cash �ow sensitivity that is estimated in regression speci�cations that

relate investment rates to measures of cash �ow and marginal q.

The result is obtained under the assumption that marginal adjustment costs

��I (Kt; It) are linear in (It=Kt), and could clearly be overturned by introducing

su¢ cient curvature into the marginal adjustment cost schedule. We note however

that this would be inconsistent with the linear speci�cation of the investment-q re-

lationship that has been used to test the null hypothesis of no �nancing constraints

in much of the empirical literature.

2.3 Debt �nance

To introduce debt �nance into the model, we assume that the �rm can issue

one-period debt Bt in each period t. This is repaid in the following period, plus

an interest charge which we denote by itBt. For simplicity, we assume that the

interest rate charged may depend on the amount borrowed and on the size of the

�rm. This gives it = i(Kt+1; Bt) with iB(Kt+1; Bt) = @i(Kt+1; Bt)=@Bt > 0 and

iK(Kt+1; Bt) = @i(Kt+1; Bt)=@Kt+1 6 0.7 We further assume that i (Kt+1; 0) = r;

and we restrict borrowing to be non-negative, with a shadow value �Bt on this

7Note that Kt+1 = (1 � �)Kt + It is known when Bt is chosen in period t. Here we do not

explicitly consider the risk of default. For a more rigorous treatment of a dynamic investment

problem with risky debt, see, for example, Bond and Meghir (1994).
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constraint. With these assumptions, only �rms in the constrained regime use

external �nance. The model can be extended easily to allow the �rm to use

some debt in the unconstrained regime, for example if there is a tax advantage

to borrowing. This would be re�ected in a (tax-adjusted) interest rate below the

discount rate r at low levels of debt. The model can also be extended to allow the

�rm to lend, or hold a �nancial asset, for example by relaxing the non-negativity

constraint on debt. This extension is discussed in Section 4.4 below.

The �rm�s optimization problem can now be expressed as

V (Kt; Bt�1) = max
It;Nt;Bt

8>>>>>><>>>>>>:
�(Kt; It)� �(Kt; Nt) +Bt � (1 + i(Kt; Bt�1))Bt�1

+�Dt [� (Kt; It)� �(Kt; Nt) +Bt � (1 + i(Kt; Bt�1))Bt�1

+Nt] + �
N
t Nt + �

B
t Bt + �Et [V ((1� �)Kt + It; Bt)]

9>>>>>>=>>>>>>;
The �rst order conditions for optimal investment (4) and optimal new share issues

(6) are unchanged by the introduction of debt in this way. The �rst order condition

for optimal borrowing can be written as

1 + �Dt + �
B
t = ��Et

�
�Bt+1

�
(9)

where �Bt+1 = @Vt+1=@Bt:

If the �rm can borrow unlimited amounts at its discount rate r, we have

�Bt+1 = �(1 + r) and (9) implies that �Dt = �Bt = 0. This gives a special case

in which borrowing provides a perfect substitute for internal �nance, and the �rm

will never choose to issue costly new shares. Marginal q is a su¢ cient statistic for

investment rates in this case, and there is no �excess sensitivity�to windfall cash

�ow shocks that leave marginal q unchanged.
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If instead the cost of borrowing is strictly increasing in the level of debt, we

again have a �nancially constrained regime in which additional investment is �-

nanced only using costly external sources, and the shadow value of internal funds

(�Dt ) is strictly positive. In this regime, the �rm uses an optimal mix of new equity

and debt, depending on the cost premium parameters and the risk of being �nan-

cially constrained in the following period.8 Given that some new equity is issued,

we can again use the �rst order condition (7) to characterize the behaviour of the

shadow value (�Dt ), as in the analysis of Figure 2 in the previous section. Again

we have the result that, conditional on marginal q, the sensitivity of investment

to cash �ow in the constrained regime will be greater for otherwise identical �rms

that face a higher cost premium for issuing new equity.

This analysis also suggests that this conditional investment-cash �ow sensi-

tivity will vary from zero, in the case where debt provides a perfect substitute

for internal funds, to an upper bound given by the case where new equity is the

only source of external �nance, as we consider increasing the cost premium for

borrowing from zero to levels at which debt becomes prohibitively expensive. We

investigate whether this conditional cash �ow sensitivity varies monotonically with

the relevant cost premium parameters for debt using simulated data in Section 4

below.
8Note that, since debt has to be repaid in the following period, the �rm may be deterred from

borrowing this period both by an interest rate above the discount rate, and by the prospect that

internal funds may be more scarce next period than they are this period (i.e. by Et(�
D
t+1) > �

D
t ).
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3 Marginal q and average q

The results presented in Sections 2.2 and 2.3 condition on the shadow value of

investment (�Kt ) or, equivalently, on marginal q. Fazzari, Hubbard and Petersen

(1988), and many subsequent studies, present empirical results for investment

models that condition on measures of average q. To relate our results more closely

to this empirical literature, we consider the relationship between marginal q and

average q in our models with costly external �nance.

In a speci�cation with new equity as the only source of external funds, and

no cost premium (�t � 0), restricting the net revenue function �(Kt; It) to be

homogeneous of degree one in (Kt; It) implies equality between marginal q and

average q (Hayashi, 1982).9 With our timing assumption, this gives

�Kt = �Et
�
�Kt+1

�
=
�Et[Vt+1]

Kt+1

(10)

where Vt is the maximized value of the �rm. If the �rm can borrow as much as

it chooses at its discount rate r, the level of debt is indeterminate, and this result

generalizes to

�Kt = �Et
�
�Kt+1

�
=
�Et[Vt+1] +Bt

Kt+1

(11)

where Vt is now the maximized value of the �rm�s equity.

These results imply that, in the absence of �nancing constraints, the unob-

9Su¢ cient conditions for linear homogeneity of the net revenue function are perfect com-

petition in product and input markets, and constant returns to scale in the production and

adjustment cost functions.
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served shadow value of an additional unit of capital can be measured using the

observed average value of capital. This allows a measure of marginal q to be

constructed using average q, the ratio of the maximized value of the �rm to the

replacement cost of its inherited capital stock.10 The numerator of this average

q ratio is often measured using the �rm�s stock market valuation. Thus, under

the null hypothesis of no �nancing constraints, econometric speci�cations can in

principle condition on marginal q in the benchmark case of a linear homogeneous

revenue function and strictly convex adjustment costs.

In the appendix, we show that for the model considered in Section 2.3, if we re-

strict the functions �(Kt; It), �(Kt; Nt) and i(Kt; Bt�1) to be linear homogeneous,

this relationship generalizes to

�Kt = �Et
�
�Kt+1

�
=
�Et[Vt+1] + (1 + �

D
t )Bt

Kt+1

(12)

For the special case in which new equity is the only source of external �nance,

this implies that the equality between marginal q and average q expressed in (10)

extends to our model with costly external �nance, provided the cost premium

for new equity also satis�es the linear homogeneity assumption. For the more

general model with debt as an additional source of external �nance, this suggests

that the equality between marginal q and average q expressed in (11) can only be

viewed as an approximation that will be accurate for low values of the �wedge�

�Dt (Bt=Kt+1). In Section 4 we investigate, using simulated data, whether this

approximation is su¢ ciently accurate for our results in Section 2 to characterize
10We discuss the details for our timing convention in Section 4.1 below.
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how the sensitivity of investment to cash �ow conditional on average q varies with

cost premium parameters for both new equity and debt �nance.

4 Results for simulated investment data

We now present results obtained by estimating econometric investment equations

using simulated data from speci�c versions of the models discussed in Sections 2.2

and 2.3. We stress that our goal here is limited to providing an illustration of

likely patterns, and for this reason we have not undertaken a rigorous calibration

of the model.

4.1 Speci�cation

To generate simulated investment data, we require functional forms for the net

revenue function and adjustment costs. Our net revenue function has the form

�(Kt; It) = AtKt �G(Kt; It)� It (13)

where At is a stochastic productivity parameter and G(Kt; It) denotes costs of

adjustment. The relative price of output and capital goods is assumed to be

constant, with both prices implicitly normalized to unity.

We assume a stochastic process for at = lnAt with persistent and transitory

components

at = a0 + a
P
t + a

T
t (14)
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where a0 is a constant and

aPt = �a
P
t�1 + ut: (15)

The innovations ut and aTt are drawn independently from homoskedastic Normal

distributions, with variances �2u and �
2
T respectively. The log of productivity

thus follows a �rst order Markov process with two stochastic components. The

transitory component does not in�uence the investment decision if the �rm faces no

cost premium for external �nance, but does a¤ect the availability of internal funds

to �nance investment spending. We choose parameters a0 = �1:7107, � = 0:8,

�2u = 0:0225, and �
2
T = 0:0375, giving serial correlation in at equal to 0.5.

11

We assume a standard functional form for adjustment costs

G(Kt; It) =
b

2

�
It
Kt

� �
�2
Kt (16)

which is strictly convex in It and homogeneous of degree one in (Kt; It).12 The

adjustment cost parameter b is set to 5, giving a coe¢ cient on average q of 0.2

under the null of no �nancing constraints.13 The discount rate r used to generate

11Blundell and Bond (2000) report estimates of the serial correlation in (revenue) productivity

close to 0.5, for a panel of R&D performing US manufacturing companies (see Table III in their

paper). This requires � > 0:5 in our formulation. We illustrate the robustness of our main results

to other parameter values in an online appendix, available at http://www.soderbom.net, and

discussed further below. Given these parameters, we set the constant a0 to yield zero expected

pro�ts, implying that capital stocks and �rm values will be neither explosive nor implosive.
12A similar speci�cation for adjustment costs was suggested by Summers (1981).
13Estimates of the quadratic adjustment cost parameter b vary substantially in the literature.

Traditional investment-q regressions typically imply much higher values of b (particularly when
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the simulated investment data is set to 0.04, giving a discount factor � of 0.9615.

The depreciation rate � is set to 0.15.

4.1.1 Perfect capital markets

With no cost premium for external funds, we obtain a convenient linear investment

equation from the �rst order condition (4):

It
Kt

=

�
� � 1

b

�
+
1

b

�
�Et[�

K
t+1]
�

(17)

where, as noted earlier, �Et[�Kt+1] is marginal q given our timing assumption that

current investment becomes productive in period t + 1. Using (11), this can be

written as

It
Kt

=

�
� � 1

b

�
+
1

b
Qt (18)

with average q measured as

Qt =
�Et[Vt+1] +Bt

Kt+1

=
Vt �Xt +Bt

Kt+1

; (19)

and Xt = �t � �t � (1 + it)Bt�1 +Bt.

Given that the net revenue function (13) is homogeneous of degree one in

(Kt; It), the �rm�s value maximization problem would have no unique solution in

the absence of adjustment costs. With strictly convex adjustment costs, the logs

of the �rm value and capital stock series are integrated of order one, while the

stock market measures of average q are used, and measurement error is neglected). More recent

estimates based on the method of simulated moments tend to be lower (e.g. in the range 0.4 -

3.9 according to Eberly, Rebelo and Vincent, 2008).
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investment rates and average q series are integrated of order zero, indicating that

�rm value and capital stocks are cointegrated in this framework (see, for example,

Lucas, 1967). Since adjustment costs are minimized by setting net investment

to zero and there is no trend in the productivity process, this generates optimal

choices for investment, capital and output with no systematic trends. The numer-

ical optimization procedure we use to generate the simulated investment data is

described in the online appendix.

4.1.2 Costly external �nance

To extend this analysis to include a cost premium for new equity, we use the

increasing cost schedule

�(Kt; Nt) =

�
�

2

��
Nt
Kt

�2
Kt (20)

that was considered in Section 2.2. Setting � = 0 gives the baseline case in which

new equity is a perfect substitute for internal funds, and the investment equation

(18) is correctly speci�ed. Setting � > 0 gives cases in which issuing new equity is

more costly than using internal �nance, and the investment spending of �rms that

are issuing new equity is �nancially constrained in the sense described in Section

2.2. We choose values of � and parameters of the productivity process to ensure

that a non-negligible proportion of the observations in our simulated datasets are

in the constrained regime with Nt > 0.

To extend this analysis to include a cost premium for debt, we use the increas-
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ing interest rate schedule

i(Kt+1; Bt) = i+ �

�
Bt
Kt+1

�
(21)

where i is the interest rate at zero borrowing, and � > 0 is a parameter which

allows the interest rate to increase with the debt-assets ratio. We also restrict

borrowing to be non-negative. The baseline case sets i = r and � = 0, in which

case there is no cost premium for debt, and the �rm is not �nancially constrained

(regardless of the value of �). If � > 0; setting i = r, and � > 0 gives another

setting in which external �nance is more costly than internal �nance. In this

case the investment spending of �rms that are using external �nance is �nancially

constrained.14

4.1.3 Excess sensitivity tests

We consider the behaviour of the estimated coe¢ cients on both average q and the

cash �ow variable in a standard �excess sensitivity�test speci�cation15�
I

K

�obs
t

=

�
� � 1

b

�
+
1

b
Qt + 


�
Ct
Kt

�
+ et: (22)

The observed investment rate, denoted (I=K)obst is obtained as the optimal in-

vestment rate (I=K)t plus a measurement error et, which is uncorrelated with

the explanatory variables. This is a convenient device for ensuring that, with no

cost premium for external �nance, the linear speci�cation in (18) does not �t the

14If we have i < r and � > 0, �rms in the unconstrained regime will also choose to borrow,

but only �rms in the constrained regime will issue new shares.
15See, for example, Fazzari, Hubbard and Petersen (1988).

20



investment data perfectly; we set the variance of et to give a coe¢ cient of deter-

mination (R2) of about 0.25 in this case. With our timing convention, this also

ensures that the parameters (1=b) and 
 = 0 can be estimated consistently by

ordinary least squares (OLS) in this baseline case.

This speci�cation introduces the ratio of cash �ow to capital (C=K)t as an

additional explanatory variable in the model (18) derived in the absence of �nanc-

ing constraints. In our most general speci�cation, which includes debt, cash �ow

(Ct) is measured as AtKt � G(Kt; It) � �t � itBt�1. The null hypothesis 
 = 0

corresponds to the case with no (relevant) cost premium for external funds. More

generally, the coe¢ cient 
 estimates the sensitivity of investment to cash �ow con-

ditional on average q. We stress that this coe¢ cient does not have a structural

interpretation under the alternative.

This simple linear speci�cation imposes the restriction that the conditional

investment-cash �ow sensitivity is common to all the observations in the sample.

When �rms face a cost premium for external �nance, this linear model is certainly

mis-speci�ed; we know that the conditional sensitivity of investment to cash �ow

should be di¤erent for observations in the constrained and unconstrained regimes.

Our analysis using these simulated datasets will thus indicate whether our theo-

retical results on the monotonic relationship between conditional investment-cash

�ow sensitivity and the cost premium for external funds for observations in the

constrained regime are useful for understanding the behaviour of the estimated

conditional investment-cash �ow sensitivity obtained from simple investment re-
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gressions. In speci�cations where �rms choose to use costly debt, this will also

indicate whether average q approximates marginal q su¢ ciently well for our the-

oretical result, conditioning on marginal q, to be useful in practice.

4.2 Results

We generate simulated panel datasets for samples with 2000 �rms observed for 14

periods, and consider results for the augmented investment-q speci�cation given

in (22). Summary statistics for the simulated sample from a speci�cation with

no cost premium for new equity and no debt �nance are reported in the online

appendix.16 The mean of average q is close to one, and the mean investment rate

is close to 0.15, the rate of depreciation. The mean of the ratio of cash �ow to

capital is around 0.187, which is close to the implied user cost of capital given our

parameter values. The correlations between observed investment, average q, and

cash �ow are higher than those typically found in data on real �rms, and there

are no systematic trends in the capital stocks or other measures of �rm size.

Table 1 presents OLS estimates of the linear regression speci�cation (22) based

on data generated from models in which new equity is the only source of external

�nance. Here the equality between marginal q and average q expressed in (10)

holds exactly. Column (i) uses simulated data where there is no cost premium

for external �nance. The coe¢ cient on the cash �ow variable is insigni�cantly

16See Table A.1 in the online appendix. This is the sample used in column (i) of Table 1

below.

22



di¤erent from zero, and the coe¢ cient on average q is insigni�cantly di¤erent

from the reciprocal of the adjustment cost parameter (i.e. 1=b = 0:2; see (18)).

Columns (ii) - (iv) consider increasing the cost premium parameter (�) for new

equity �nance. In these speci�cations, we estimate the coe¢ cient on cash �ow

to be positive and signi�cantly di¤erent from zero. Moreover we �nd that this

estimated coe¢ cient increases monotonically as issuing new equity becomes more

costly. These regression estimates of the sensitivity of investment to cash �ow

conditional on average q thus behave in line with our result for the behaviour

of this conditional investment-cash �ow sensitivity in the constrained �nancial

regime.17 In the online appendix we show that this pattern is robust to alternative

values for the parameters in the productivity process.18

Table 2 presents results for models in which the �rm can both issue new equity

and borrow. We �x the cost premium parameter for new equity at the value used

in column (iv) of Table 1, and we �x the intercept parameter in the interest rate

schedule (21) to equal the discount rate (i.e. we have � = 4 and i = r = 0:04). In

column (i), the �rm can borrow as much as it chooses at this �xed interest rate,

17We can also notice that the estimated coe¢ cient on average q falls monotonically as the cost

premium for external �nance increases, both here and in Tables 2 and 3 below.
18Tables A.2-A.6 in the online appendix report results for models in which: (i) the serial

correlation of productivity is changed whilst the relative importance of the persistent and tran-

sitory components is kept �xed; (ii) the parameter � is changed whilst the serial correlation of

productivity is kept �xed at 0.5; (iii) the variance of the residuals in the investment equation is

changed. The results change quantitatively but not qualitatively.
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giving another speci�cation in which there are no binding �nancing constraints.

In columns (ii) - (iv), the interest rate increases with the amount borrowed, and

we explore the e¤ects of varying the slope (�) of this interest rate schedule.

In column (i), where model (18) is correctly speci�ed, we again �nd that the

estimated coe¢ cient on the cash �ow variable is insigni�cantly di¤erent from zero,

and the estimated coe¢ cient on average q is insigni�cantly di¤erent from 1=b. In

column (iv), borrowing is su¢ ciently expensive that most �rms have very little

debt, in which case average q approximates marginal q very well (see (12)), and

the estimated coe¢ cients are very similar to those in column (iv) of Table 1.

Interestingly, we again �nd that the estimated coe¢ cient on the cash �ow variable

increases monotonically, from (essentially) zero to this (approximate) upper bound

(given � = 4), as the cost premium parameter (�) describing the slope of the

interest rate schedule increases.

Table 3 shows that a similar pattern is found when we consider increasing the

cost premium parameters for both sources of external �nance. If we think that

�more severe�capital market imperfections are likely to be re�ected in higher cost

premia for both new equity and debt, this variation is perhaps the most useful

case to consider.

These results suggest that estimates of the sensitivity of investment to cash �ow

conditional on average q obtained from these simple regression models re�ect the

behaviour of the sensitivity of investment to cash �ow conditional on marginal q for

observations in the constrained �nancial regime. This is found despite the mis-
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speci�cation of these linear models when some �rms are �nancially constrained

and others are not, and despite the wedge between average q and marginal q

which is introduced by costly debt �nance of the type we have considered here.

At least in our benchmark speci�cations, with linear homogeneity, deterministic

quadratic adjustment costs, and increasing marginal cost premia for both new

equity and debt, we �nd that this estimated conditional investment-cash �ow

sensitivity increases monotonically with the cost premia for external funds.

4.3 A structural investment model with costly external

�nance

As we have emphasized, linear regressions of investment rates on average q and

cash �ow are not correctly speci�ed models when some �rms are �nancially con-

strained, and the coe¢ cient on the cash �ow term does not have a structural

interpretation. As a result, this coe¢ cient varies with other model parameters,

such as the persistence in the productivity process, and not only with the cost

premia for external �nance.19 In this section we derive an investment equation

from the �rst order condition for optimal investment (4) in our model with costly

external �nance, and show that this structural model can be estimated directly.

This also provides further insight into the behaviour of the coe¢ cient on cash �ow

in the traditional �excess sensitivity�regressions.

19This sensitivity is illustrated by the results in Tables A.2-A.5 of the online appendix.
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Recall equation (8), which we write here as

��I (Kt; It) = �Et[�
K
t+1]

�
1� �

�
Nt
Kt

��
: (23)

Using the forms of the net revenue function (13) and the adjustment cost function

(16) then gives

It
Kt

=

�
� � 1

b

�
+
1

b

�
�Et[�

K
t+1]
�
� �
b

�
�Et[�

K
t+1]

�
Nt
Kt

��
(24)

which reduces to (17) when the cost premium parameter for new equity � = 0,

or when no new shares are issued. As expected marginal q, as conventionally

de�ned for the case of perfect capital markets (i.e. �Et[�Kt+1] given our timing

assumptions), is not a su¢ cient statistic for investment rates in the model with

an increasing cost premium for external funds. The additional term is an interac-

tion between marginal q and new equity.20 This interaction term has a negative

coe¢ cient, consistent with the result illustrated in Figure 2 that, at a given level

of marginal q, �rms using high cost external �nance will choose lower investment

rates than �rms with su¢ cient low cost internal funds to �nance all their invest-

ment spending.

We can also use (7) to eliminate the (1+ �Dt ) term from the right hand side of

(12), giving

�Kt = �Et
�
�Kt+1

�
=
�Et[Vt+1]

Kt+1

+
(Bt=Kt+1)

1� �(Nt=Kt)
: (25)

20Note that, in our model with costly external �nance, �rms in the unconstrained regime do

not issue new shares, so that this interaction term is automatically zero for observations in the

unconstrained regime.
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Given linear homogeneity, we can now use (25) to substitute out the unobserved

marginal q terms in (24), giving

It
Kt

=

�
� � 1

b

�
+
1

b
Qt �

�

b

��
Qt �

Bt
Kt+1

��
Nt
Kt

��
(26)

where average q is again given by (19). This model can be estimated directly, given

data on investment rates, average q, debt, and the value of new shares issued. The

coe¢ cients estimated are structural parameters of the adjustment cost function

or the cost premium function for new equity. Notice that the debt cost premium

parameters are not identi�ed from this speci�cation.

Table 4 presents OLS estimates of model (26). The four columns use the same

simulated datasets that were used in Table 3, with observed investment rates again

subject to measurement error, and with values of the cost premium parameter �

increasing from zero to 4. The true values of the coe¢ cient��=b on the interaction

term are thus zero in column (i), -0.2 in column (ii), -0.4 in column (iii) and -0.8

in column (iv). The estimated coe¢ cients on the linear average q terms are close

to their true value of 0.2 in all four cases. In column (i), the estimated coe¢ cient

on the interaction term is not signi�cantly di¤erent from zero, correctly indicating

that the �rms in this sample do not face a cost premium for new equity. In each of

columns (ii) - (iv), the estimated coe¢ cient on the interaction term is signi�cantly

di¤erent from zero, and close to its true value.

This structural model helps to explain the behaviour of the coe¢ cient on the

cash �ow variable in the estimates of the linear regression speci�cation (22). Com-

27



pared to the correctly speci�ed structural model, the linear model omits a relevant

explanatory variable, the interaction term, and includes an additional explanatory

variable, cash �ow, which is correlated with the omitted variable. Conditional on

average q, �rms with higher cash �ow are less likely to issue new shares. The par-

tial correlation between the cash �ow variable and the omitted interaction term,

and the coe¢ cient on this omitted variable, are both negative, consistent with the

positive coe¢ cient on the cash �ow variable when we estimate the mis-speci�ed

linear model. The coe¢ cient on the omitted interaction term increases in absolute

value with the cost premium parameter (�) for new equity, consistent with the

monotonic increase in the coe¢ cient on cash �ow as issuing new equity becomes

more expensive (Table 1 and Table 3). Inspection of our simulated data also sug-

gests that as we increase the cost premium parameter (�) for debt for a �xed value

of �, the negative partial correlation between cash �ow and the omitted variable

becomes stronger, consistent with the monotonic increase in the coe¢ cient on cash

�ow as borrowing becomes more expensive (Table 2).

Our results using simulated data also suggest that estimation of this kind

of structural model may be a promising direction for empirical research on cor-

porate investment and �nancing constraints, although the assumption of linear

homogeneity, and the conditions needed to measure average q using stock market

valuations, may still be unduly restrictive.21 Hennessy, Levy and Whited (2007)

present empirical estimates of a similar model using data for US �rms.

21See, for example, Cooper and Ejarque (2003) and Bond and Cummins (2001).
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4.4 Limitations of the analysis

Here we brie�y discuss two limitations of the analysis we have presented. First,

we have assumed that adjustment costs are not stochastic, and we note that the

behaviour of estimated coe¢ cients on the cash �ow term in the �excess sensitivity�

test speci�cation (22) may be di¤erent in a model with adjustment cost shocks.

Second, we have allowed �rms to borrow but we have not allowed them to lend

(save), or more generally to accumulate a �nancial asset.

4.4.1 Stochastic adjustment costs

Adjustment cost shocks would also make the relation between investment rates and

average q expressed in (18) stochastic.22 For example, generalizing our adjustment

cost function to have the form

G(Kt; It) =
b

2

�
It
Kt

� � � ut
�2
Kt; (27)

where ut is a mean zero random shock to the �normal�investment rate at which

adjustment costs are minimized, gives the structural investment equation

It
Kt

=

�
� � 1

b

�
+
1

b
Qt �

�

b

��
Qt �

Bt
Kt+1

��
Nt
Kt

��
+ ut: (28)

22See, for example, Hayashi (1982). For this reason, empirical studies based on direct estima-

tion of the linear investment-q relation in (18) often introduced adustment cost shocks as part

of the speci�cation. Stochastic adjustment costs have been less common in the more recent lit-

erature which estimates structural models using the method of simulated moments (e.g. Eberly,

Rebelo and Vincent, 2008).
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For simplicity, we assume here that investment rates are measured without error.

If no �rms are �nancially constrained (e.g. if � = 0) then given average q, the

investment rate increases with ut in such a way that total adjustment costs and

hence cash �ow do not depend on the realization of the adjustment cost shock. If

some �rms are in the �nancially constrained regime, however, then adjustment cost

shocks a¤ect cash �ow both through total adjustment costs and, more importantly,

through the cost of issuing new equity (�t).23 This introduces a source of negative

correlation between the adjustment cost shock (ut) and the cash �ow term in (22).

If the adjustment cost shocks are su¢ ciently important, relative to the cash �ow

shocks (aTt ), this may then dominate the sources of the positive partial correlation

between investment rates and the cash �ow term, conditional on average q, in our

benchmark models with deterministic adjustment costs.24

As a result, with stochastic adjustment costs, the estimated coe¢ cient on the

cash �ow term in the linear regression model (22) may be negative when we have

� > 0 and some �rms are �nancially constrained. In experiments with simulated

23It may be helpful to recall that our de�nition of cash �ow here is Ct = AtKt �G(Kt; It)�

�t � itBt�1:
24Stochastic adjustment costs also have implications for consistent estimation of the structural

model (28) when some �rms are �nancially constrained, as both average q and the interaction

term are correlated with the adjustment cost shock in this case. Consistent estimates can be

obtained by two-stage least squares, using lagged average q, debt and new equity terms, as

well as current output (AtKt) terms, as instrumental variables. This is illustrated in Bond and

Söderbom (2009).
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data from models with stochastic adjustment costs, we �nd that the estimated

coe¢ cient on the cash �ow term in this linear speci�cation increases in absolute

value with the cost premium parameters for external sources of �nance. That is, in

cases where the cash �ow coe¢ cient is positive at low values of �, we �nd that this

coe¢ cient increases with � (or with �), as in the absence of adjustment cost shocks.

However in cases where the cash �ow coe¢ cient is negative at low values of �, this

pattern is reversed. While this may have limited empirical relevance - certainly

the debate between Kaplan and Zingales (1997, 2000) and Fazzari, Hubbard and

Petersen (2000) focused on the interpretation of positive coe¢ cients estimated on

the cash �ow term in this kind of speci�cation - we note this possibility here for

completeness.25

4.4.2 Corporate saving

In contrast to the emphasis on cash �ow in much of the earlier empirical litera-

ture, some recent papers have noted that, with imperfect capital markets, �rms

may wish to save for precautionary reasons, and have explicitly modelled cash

accumulation dynamics.26 There may be a concern that the relationship between

investment, average q and cash �ow would be fundamentally di¤erent in a setting

25One further point to note is that both average q and the cash �ow term are uncorrelated with

(serially uncorrelated) adjustment cost shocks in cases where no �rms are �nancially constrained.

Consequently testing 
 = 0 based on OLS estimates of (22) remains correctly sized as a test of

the perfect capital markets null hypothesis.
26See, for example, Bolton, Chen and Wang (2009), and Riddick and Whited (2009).
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where �rms are able to save as well as to borrow.

To shed some light on this without introducing an additional state variable, we

relax the previous constraint that debt (Bt) cannot be negative.27 With a suitable

choice for the interest rate schedule i(Kt+1; Bt), �rms may choose either to borrow

(if they are �nancially constrained in this period but expect to be less severely

constrained next period) or to save (if they expect to be more severely constrained

next period than in the current period).28 Speci�cally we consider the case where

i(Kt+1; Bt) = i < r if Bt < 0 (29)

= i+ �

�
Bt
Kt+1

�
if Bt > 0:

The assumption of an opportunity cost (i < r) associated with corporate saving

is important. Without this, the �rm would always prefer to accumulate �nancial

assets rather than pay out dividends, unless it was certain that it would never

be �nancially constrained in future. This penalty for corporate saving may, for

example, re�ect corporate taxation of interest income. Note that unconstrained

�rms may also choose positive borrowing in this speci�cation.

One point to note is that the structural investment model (26) is completely

unchanged in this case. This provides a �rst hint that allowing corporate saving

may not fundamentally change our previous �ndings.

27A more general and more realistic way of introducing corporate saving would permit �rms

to both borrow and to hold cash in the same period.
28Where the severity of the �nancing constraint refers to the shadow value of the non-negativity

constraint on dividend payments (�Dt ).
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Table 5 reports OLS estimates of the linear regression speci�cation (22), using

simulated data from this extended model, with i = 0:035 and r = 0:04, and

di¤erent values for the cost premium parameters (� and �).29 Column (i) presents

a baseline case with no cost premium for new equity. Given this, no �rms choose

to save, the standard investment-q model in (18) is correctly speci�ed, and we

�nd no excess sensitivity to cash �ow.30 More interestingly, columns (ii)-(iv)

present results for cases with higher cost premia for both new equity and debt

�nance. Some �rms choose to save in these simulations.31 Nevertheless, we still

�nd that signi�cant positive coe¢ cients are estimated on the cash �ow term,

and these estimates still increase with the cost premium parameters for external

funds. Comparing Tables 3 and 5, there is some suggestion that, for similar costs

of external �nance, the conditional sensitivity of investment to cash �ow is weaker

when �rms can also save.32 This is consistent with the intuition that cash �ow

should be less important if �rms can also �nance investment by running down a

stock of �nancial assets.
29Table A.7 in the online appendix reports corresponding estimates of the structural model

(26). All other parameter values are the same as those used in Tables 1-4. Adjustment costs are

deterministic, and observed investment rates are subject to measurement error.
30Here all �rms choose to borrow, given the interest rate schedule in (29). We require � > 0

here to keep optimal debt �nite.
31For example, the proportion of observations with Bt < 0 is 80% in column (iv).
32This is particularly clear in column (iv) of these tables, where signi�cant borrowing is pro-

hibitively expensive and the cost premium for new equity is the same in both cases.
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5 Conclusions

Following Fazzari, Hubbard and Petersen (1988), a large empirical literature sought

to investigate the impact of �nancing constraints on company investment by re-

gressing investment on q and cash �ow. In contrast to Kaplan and Zingales (1997),

and much of the subsequent debate,33 we emphasize the importance of condition-

ing on measures of q in order to understand the behaviour of the coe¢ cient on

cash �ow in these speci�cations.

We present a benchmark speci�cation, for the case of deterministic adjust-

ment costs that are quadratic in the rate of investment and an increasing cost

premium for new equity �nance, in which the sensitivity of investment to cash

�ow, conditional on marginal q, increases monotonically for �rms in the �nan-

cially constrained regime, as the cost premium parameter for issuing new equity

increases. For linear homogeneous functional forms, the same result is shown to

hold conditional on average q. Introducing debt as a second source of external

�nance into the model, with an increasing cost of borrowing, does not change our

result conditional on marginal q, but introduces a wedge between marginal q and

average q.

Estimating linear regressions that relate investment rates to measures of both

cash �ow and average q, using simulated data, we nevertheless �nd a monotonic re-

lationship between these estimates of conditional investment-cash �ow sensitivity

33See, for example, Cleary (1999), Fazzari, Hubbard and Petersen (2000) and Kaplan and

Zingales (2000).
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and the cost premium parameters for both sources of external �nance. Although

the relationship between cash �ow and investment, conditional on average q, is

certainly di¤erent for observations in the constrained and unconstrained regimes,

these simple estimates of the conditional investment-cash �ow sensitivity are con-

sistent with our theoretical results. Some exploratory work suggests that this

monotonic relationship is also found in a model where �rms can save as well as

borrow. We note that it may not hold in models with stochastic adjustment costs.

We also derive a structural investment equation from the �rst order conditions

of our model, and show that this can be estimated directly. The structural model

relates investment rates to average q and an interaction term between average q

and new share issues. The behaviour of the estimated coe¢ cient on the cash �ow

term in the linear regression models can be interpreted in relation to the omission

of this interaction term from the correctly speci�ed structural model.

There are several good reasons why regressions of investment rates on aver-

age q and cash �ow may not provide reliable evidence about the role of capital

market imperfections. Even in the absence of �nancing constraints, marginal q

may not be a su¢ cient statistic for investment if �xed adjustment costs are im-

portant,34 average q may be a poor proxy for marginal q if �rms have market

power,35 or may just be very poorly measured, for example as a result of share

price bubbles.36 We simply note that the non-monotonic relationship between

34Caballero and Leahy (1996).
35Hayashi (1982) and Cooper and Ejarque (2003).
36Erickson and Whited (2000) and Bond and Cummins (2001).
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unconditional investment-cash �ow sensitivity and the cost premium for exter-

nal �nance, highlighted by Kaplan and Zingales (1997), has little relevance for

evaluating this line of research.
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Appendix: Marginal q and average q with costly external �nance

We consider the most general model set out in Section 2.3, and assume that

the functions �(Kt; It), �(Kt; Nt) and i(Kt; Bt�1) are each homogeneous of degree

one in their arguments. This implies that the value function Vt(Kt; Bt�1) is also

homogeneous of degree one, and can be written as

Vt(Kt; Bt�1) = �t(Bt�1=Kt)Kt

This allows us to write

�Kt =
@Vt
@Kt

= �
�
@�t(Bt�1=Kt)

@(Bt�1=Kt)

��
Bt�1
Kt

�
+ �t

�
Bt�1
Kt

�
and

�Bt =
@Vt
@Bt�1

=

�
@�t(Bt�1=Kt)

@(Bt�1=Kt)

�
so that

�Kt = ��Bt
�
Bt�1
Kt

�
+

�
Vt
Kt

�
and hence

�Et
�
�Kt+1

�
= ��Et

�
�Bt+1

�� Bt
Kt+1

�
+
�Et [Vt+1]

Kt+1

noting that Kt+1 = (1� �)Kt + It is known at time t:

Using the �rst order condition (9) to substitute for ��Et
�
�Bt+1

�
then gives

�Et
�
�Kt+1

�
= (1 + �Dt )

�
Bt
Kt+1

�
+ �Bt

�
Bt
Kt+1

�
+
�Et [Vt+1]

Kt+1

Noting that �Bt Bt = 0 gives

�Et
�
�Kt+1

�
=
�Et[Vt+1] + (1 + �

D
t )Bt

Kt+1

as stated in Section 3, equation (12).
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Table 1. Excess Sensitivity Tests: Model with Costly New Equity, No Debt

(i) (ii) (iii) (iv)

� = 0 � = 1 � = 2 � = 4

Qt 0.1978 0.1900 0.1801 0.1713
(.0030) (.0030) (.0031) (.0031)

Ct
Kt

-0.00004 0.0266 0.0710 0.0995
(.0075) (.0076) (.0073) (.0076)

R2 0.25 0.25 0.25 0.25

Sample size: N = 2000 T = 14 Observations = 28; 000. OLS estimates. A
constant is included in all speci�cations. Standard errors robust to heteroskedas-
ticity and serial correlation in parentheses.

Table 2. Excess Sensitivity Tests: Costly New Equity & Costly Debt

(i) (ii) (iii) (iv)

� = 4 � = 4 � = 4 � = 4
� = 0 � = 0:25 � = 1:0 � = 20

Qt 0.1989 0.1903 0.1857 0.1684
(.0029) (.0030) (.0030) (.0030)

Ct
Kt

0.0064 0.0354 0.0683 0.1066
(.0072) (.0073) (.0074) (.0073)

R2 0.25 0.26 0.27 0.25

See Table 1 for notes.
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Table 3. Excess Sensitivity Tests: Costly New Equity & Costly Debt

(i) (ii) (iii) (iv)

� = 0 � = 1 � = 2 � = 4
� = 0 � = 0:25 � = 1:0 � = 20

Qt 0.2034 0.1962 0.1894 0.1711
(.0029) (.0029) (.0030) (.0031)

Ct
Kt

-0.0046 0.0129 0.0462 0.1026
(.0069) (.0072) (.0073) (.0073)

R2 0.26 0.25 0.26 0.25

See Table 1 for notes.

Table 4. Structural Model Estimates

(i) (ii) (iii) (iv)

� = 0 � = 1 � = 2 � = 4
� = 0 � = 0:25 � = 1:0 � = 20

Qt 0.2021 0.1997 0.2026 0.2012
(.0021) (.0021) (.0021) (.0021)�

Qt � Bt
Kt+1

�
� Nt

Kt
-0.0001 -0.1598 -0.4460 -0.8188

(.0018) (.0491) (.0476) (.0450)

R2 0.26 0.25 0.26 0.26

See Table 1 for notes.
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Table 5. Excess Sensitivity Tests: Model with Corporate Saving

(i) (ii) (iii) (iv)

� = 0 � = 1 � = 2 � = 4
� = 0:25 � = 0:25 � = 1:0 � = 20

Qt 0.2007 0.1907 0.1836 0.1868
(.0029) (.0029) (.0030) (.0030)

Ct
Kt

-0.0056 0.0207 0.0449 0.0488
(.0074) (.0073) (.0073) (.0077)

R2 0.25 0.25 0.25 0.25

See Table 1 for notes.
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Figure 1 

Unconditional Investment-Cash Flow Sensitivity in a Static Model with Convex MPK 
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Figure 2 

Conditional Investment-Cash Flow Sensitivity in a Dynamic Model Based on Quadratic 
Adjustment Costs 
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